In this article, the double Laplace transform and Adomian decomposition method are used to solve the nonlinear singular one-dimensional parabolic equation. In addition, we studied the convergence analysis of our problem. Using two examples, our proposed method is illustrated and the obtained results are confirmed.
Introduction
One-dimensional linear and nonlinear parabolic equations arise in many different fields of Science and Engineering and are frequently modelled through linear and nonlinear partial differential equations. However, it is still difficult to get closed-form solutions for most models of real-life problems. In recent years, several researchers have paid attention to find the solution of these equations using various methods, such as Adomian decomposition method (ADM) [1] [2] [3] [4] [5] and Laplace decomposition method. 6 The convergence of the decomposition method has been studied by several authors. [7] [8] [9] [10] [11] The aim of this article is to solve a nonlinear singular one-dimensional parabolic partial differential equation by combining the domain decomposition techniques and the double Laplace transform method. In addition, we investigate the convergence of our method. We first recall the following definitions which can be found in previous studies. [12] [13] [14] [15] [16] The double Laplace transform is defined as 
It is easy to prove equation (2) as follows
using integral by parts for the right-hand side of equation (3), we get
Similarly, the double Laplace transforms for second partial derivatives with respect to x and t are defined by
where L x L t denotes the double Laplace transform with respect to x, t and for more details see previous studies. 13, 15, 16 The following lemma is used in this article.
Lemma 1. The double Laplace transform of the functions x n (∂v=∂t) and x n f (x, t) are given by
and
respectively. One can prove this lemma using the definition of double Laplace transform in equations (1), (2) and (4) as follows
Similarly, we can prove equation (6) .
Nonlinear singular one-dimensional parabolic partial differential equation
The main aim of this study is to know how to solve the nonlinear singular one-dimensional parabolic partial differential equation using modified double Laplace decomposition method (MDLDM).
First problem
Consider the following nonlinear singular onedimensional parabolic partial differential equation
subject to initial condition
where f (x, t), f 1 (x), a(x), b(x) and c(x) are known functions. Multiplying both sides of equation (7) by 1=a we have
The proposed approach includes the following steps. The double Laplace transform is applied on both sides of equation (9) and single Laplace transform is adopted and applied to equation (8) . The differential property is then used and gives
we rewrite equation (10) as follows
where F 1 (p) is single Laplace transform of f 1 (x) and N 1 = u(u x ) and N 2 = u 2 . The MDLDM gives the solution in the following form
where the term u n is to be recursively computed. The nonlinear operators can be defined as follows
where A n and B n are denoted by
Using double inverse Laplace transform for equation (11) and using equations (12) and (13) we have
we define the following recursive formula
where the double inverse Laplace transform with
s . We provided that the inverse exists for each term in the right-hand side of equation (15) . For the purpose of illustration of MDLDM, the homogeneous form of the nonlinear singular one-dimensional parabolic partial differential equation is solved. We assume a(x) = 4=x 2 , b(x) = À (1=2)x, c(x) = 1 and f (x, t) = 0 in equation (7), we have the following example. Example 1. Consider the following nonlinear singular one-dimensional parabolic partial differential equation
subject to initial conditions
By multiplying equation (18) by x 2 =4 and using equation (10), we obtain
Applying the inverse double Laplace transform in equation (20) yields
using the decomposition series for u(x, t), which is defined by equation (12), we have
Using equations (16) and (17), we obtain
The other components are given by
The other components of the solution can be easily found using equation (22) as follows
where u 2 is given by
and so on. In the same manner, the rest of the components can be obtained by the same method and then the functions u(x, t) in the closed form are readily found to be
Therefore, the exact solution is given by
Second problem
subject to
where the term (1=x)(xu x ) x is called Bessel's operator; f 1 (x), h(x) and k(x) are known functions; and a is constant. In order to obtain the solution of equation (23), we use MDLDMs as follows:
Step 1. Multiply both sides of equation (7) by x.
Step 2. Using Lemma 1 and definition of the Laplace transform of partial derivatives for equations in step 1 and applying single Laplace transform for initial condition, we have dU p, s ð Þ dp
where F(p, s) and F 1 (p) are Laplace transform of the functions f (x, t) and f 1 (x), respectively.
Step 3. Applying the integral for both sides of equation (12) from 0 to p with respect to p, we have
Step 4. The double Laplace decomposition method is representing the solution of nonlinear singular one-dimensional parabolic partial differential equation as u(x, t) in equation (12).
Step 5. By applying double inverse Laplace transform for equation (26) and using equation (14), we obtain
where the definition of C n is similar to A n , in particular, we have
In order to illustrate the accuracy and reliability of the scheme, we assume a = 1, h(x) = 2x, k(x) = À x 2 and f (x, t) = x 2 À 4t in equation (23), and we have the following example.
Example 2. Consider the following nonlinear singular one-dimensional parabolic partial differential equation
Using the above steps, we have
Using equations (28) and (29), we obtain
The other components of the solution can be easily found using equation (32) as follows
where u 2 is defined by
so the solution u(x, t) is given by u x, t ð Þ= u 0 + u 1 + Á Á Á therefore, the exact solution is given by
Now, we study the convergence of the used method by considering a more general parabolic partial differential equation, more precisely, we investigate the convergence of the method for the one-dimensional parabolic partial differential equation with Bessel operator.
Convergence analysis
The aim of this section is to discuss our method for the nonlinear singular one-dimensional parabolic partial differential equation given by
where Q = (a, b) 3 ½0, T and
For more details, see Atangana and Noutchie. 10 We can rewrite equation (33) in the following form
Gadain and Bachar
For L hemicontinuous operator, consider the following hypothesis:
11,17,18
Theorem 1 (Sufficient condition of convergence). The MDLDMs applied to the nonlinear singular onedimensional pseudohyperbolic equation (34) without initial and boundary conditions converge towards a particular solution.
Proof. To verify the convergence of equation (34), we use the definition of our operator L, and we have the following form
There exist a 1 , a 2 , a 3 , b 1 and s 1 such that, using the Schwartz inequality and the fact that u and v are bounded, we obtain the following 
Conclusion
Modified double Laplace Adomian decomposition method (MDLADM) has been known to be an efficient and accurate method for solving nonlinear singular one-dimensional parabolic partial differential equation. In this work, we have applied the MDLADM for solving a nonlinear parabolic equation. The method was tested to obtain exact solutions in two examples.
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